The design principles dictating the spatio-temporal organization of eukaryotic cells, and in particular the mechanisms controlling the self-organization and dynamics of membrane-bound organelles such as the Golgi apparatus, remain elusive. Although this organelle was discovered 120 years ago, such basic questions as whether vesicular transport through the Golgi occurs in an anterograde (from entry to exit) or retrograde fashion are still strongly debated. Here, we address these issues by studying a quantitative model of organelle dynamics that includes: de-novo compartment generation, inter-compartment vesicular exchange, and biochemical maturation of membrane components. We show that purely anterograde or retrograde vesicular transports are asymptotic behaviors of a much richer dynamical system. Indeed, the structure and composition of cellular compartments and the directionality of vesicular exchange are intimately linked. They are emergent properties that can be tuned by varying the relative rates of vesicle budding, fusion and component maturation.
Introduction
The Golgi apparatus is an intracellular organelle at the crossroad of the secretory, lysosomal and endocytic pathways [1] . One of its most documented functions is the sorting and processing of many proteins synthesized by eukaryotic cells [2] . Proteins translated in the endoplasmic reticulum (ER) are addressed to the Golgi, where they undergo post-translational maturation and sorting, before being exported to their final destination. During this process, they interact in a predetermined order with Golgi resident enzymes. This is made possible by the peculiar organization of the Golgi, which is composed of distinct sub-compartments, called cisternae, of different biochemical identities [3] . From the ER, cargoes successively reside in cisternae of the cis, medial and trans-identities, after which they exit the Golgi via the trans-Golgi network (TGN). In some organisms such as the yeast Saccharomyces cerevisiae, cisternae are dispersed throughout the cell and each cisterna undergoes maturation from a cis to a trans-identity [4] . In most other eukaryotes, cisternae are stacked in a polarized fashion, with cargoes entering via the cis-face and exiting via the trans-face [5] . This polarity is robustly conserved over time, despite cisternae constantly exchanging vesicles with each other, the ER and the TGN [2] .
The highly dynamical nature and compact structure of a stacked Golgi makes it difficult to determine how cargoes are transported from the cis to trans-side of the stack and how this transport is coupled to processing. Two major classes of models are proposed [6] . "Vesicular transport" models postulate that cisternae have fixed identities and cargo progresses from one cisterna to the next via anterograde vesicular transport. "Cisternal Maturation" models postulate that cisternae themselves undergo maturation from the cis to the trans-identity and physically move through the stack, while Golgi resident proteins remain in the stack by moving toward the cis-face by retrograde vesicular transport. Considerable work has been done to resolve this issue [7] , but the mechanism dictating the Golgi's organization and dynamics is still an open question. The fact that different studies show contradictory evidences supporting either model [8, 9, 10] suggests that Golgi dynamics might be more versatile, and rely on a combination of anterograde and retrograde transport and maturation, possibly depending on the type of cargo. Although there is a large diversity in Golgi structures and dynamics among different species, the organelle's physiological function as a sorting and processing hub is common to all species, suggesting that important mechanisms controlling Golgi dynamics are conserved. Works in evolutionary biology and biophysics have attempted to describe these mechanisms [11, 12] . Different classes of mathematical models have been proposed, from models of vesicle budding and fusion based on rate equations [13, 14, 15] -some specifically including space [16] , to continuous, discrete and stochastic models of protein sorting in the Golgi [17, 18] and computer simulations based on membrane mechanics [19] . To account for the Golgi's ability to reassemble after mitosis [20] , many of these studies have sought to describe the Golgi as a self-organized system [13, 21] . However, the manner in which the kinetics of the Golgi two main functions (namely the transport and biochemical maturation of its components) interplay with one another to yield a robust steady-state has so far received much less attention [16, 18] .
We propose here a model in which both Golgi self-organization and vesicular transport are solely directed by (local) molecular interactions resulting in composition-dependent budding and fusion. Thus, the directionality of vesicular transport is an emergent property of the self-organization process that co-evolves with the size and number of Golgi sub-compartments, rather than being fixed by arbitrary rules. This approach brings new conceptual insights that highlight the link between the large-scale steady-state organization of the Golgi, the directionality of vesicular transport, and the kinetics of individual processes at the molecular scale. It shows that a wide variety of organelle phenotypes can be observed upon varying the rates of the local processes. Besides, it emphasizes how direct interactions between compartments yield complex vesicular fluxes that correspond neither to the "Cisternal Maturation" or "Vesicular transport" models.
Methods
The model of organelle self-organization is shown in Figure 1 (Fig.1 ), introduced below, and fully described in the Supporting Information (SI). The building blocks are vesicles that can be of three identities, corresponding to the cis, medial and trans-identities of the Golgi. A compartment is an assembly of fused vesicles. The identity of a membrane patch is defined in a very broad sense by its composition in lipids and proteins that influence its interaction with other patches, such as RAB GTPases [22] or fusion proteins such as SNAREs [23] . We describe compartments' dynamics using only three mechanisms -budding, fusion and maturation -defined below:
• Budding: Composition-dependent vesicular budding is an important sorting mechanism in cellular traffic [24] .
Here we adopt a non-linear budding scheme that relies on both the compartment's size and its contamination state, which promotes efficient sorting [25] . • Fusion: Homotypic fusion -the higher probability of fusion between compartments of similar identities -is a feature of cellular organelles in general [26] and the Golgi apparatus in particular [27, 28] . This is controlled here by a fusion rate between compartments proportional to the probability that they present the same identity at the contact site. We stress that this homotypic fusion mechanism (relying on local interactions), allows vesicular transport between compartments of different identities -a process that may be regarded as heterotypic fusion [7] . It merely requires that the receiving compartment contains some membrane patches of identity similar to that of the emitted vesicle. • Maturation: Each membrane patch undergoes stochastic maturation from a cis to a medial to a trans-identity, in agreement with in vivo observations [8, 9] . This is a local mechanism of identity conversion, consistent with processes such as the RABs cascade [22, 27] . It is distinct from the maturation of entire compartments, which is also affected by the dynamics of budding and fusion.
These mechanisms of compartment self-organization are applied to an open system that interacts with two boundaries: the ER, from which newly synthesized material is injected in the system, and the TGN, through which processed material can leave the system. Vesicles and entire compartments can exit the system by homotypic fusion with either boundaries, following the rules described above. The role of the boundaries' composition is discussed in the SI, where a parameter α (varying between 0 and 1) is introduced to characterize the fraction of cis (trans) identity in the ER (TGN).
In its simplest form, our model contains only four parameters: the rates of injection, fusion, budding, and maturation (K i , K f , K b , K m ). By normalizing time with the fusion rate, we are left with three parameters: K = K b /K f , k m = K m /K f and J = K i /K f . The systems' dynamics is entirely governed by these stochastic transition rates, and can be simulated exactly using a Gillespie algorithm [29] Figure 1: Model of self-organization of the Golgi apparatus. The system includes three membrane identities (cis: blue, medial: red, trans: green). It self-organizes between two boundaries: the ER (left) is composed of a cis-membrane identity, and the TGN (right) is composed of a trans-membrane identity. Golgi's compartments self-organize via three stochastic mechanisms: Fusion: (1) All compartments can aggregate using homotypic fusion mechanisms: the more identical they are, the higher the fusion rate. (2) Each compartment can exit the system by fusing homotypically with one of the two boundaries. Budding: (3) Each compartment larger than a vesicle can create a vesicle by losing a patch of membrane. Maturation: (4) Each patch of membrane matures from a cis to a trans-identity. New cis-vesicles (0) bud from the ER at a constant rate. In the sketch, the boundaries also contain neutral (gray) membrane species that dilute their identity (impact of this dilution in Fig.S6 -SI).
Results
The steady-state organization and dynamics of the system is described in terms of the average size and purity of compartments, and the directionality of vesicular transport between them (introduced here and detailed in the SI). The typical compartment's size is defined as the ratio of the second over the first moments of the size distribution [30] . The purity of a given compartment is defined as the (normalized) Euclidean distance of the compartment's composition (the fractions φ i in the different i-identities, i = cis, medial and trans) from a perfectly mixed composition. P = 0, 1/2, 1 correspond respectively to compartments that contain the same amount of the three identities, the same amount of two identities, and a single identity ( Fig.S2 -SI). The system's purity is the average purity of each compartment weighted by its size, ignoring vesicles. Finally, to characterize the directionality of vesicular transport, the dynamics of passive cargoes injected from the ER is followed over time. Each cargo in a compartment of size n has a probability 1/n to join a vesicle budding from this compartment. When this vesicle fuses with another compartment or a boundary, the composition difference ∆φ i between the receiving and emitting compartment (a number between -1 and 1) is recorded for the three i-identities (i =cis, medial, trans). Averaged over all budding/fusion events, this defines the enrichment vector E, whose three components E i are normalized for readability so that i |E i | = 1 (see Fig.S5 -SI for non-normalized enrichment). Vesicular flux is anterograde if E cis < 0 and E trans > 0, while it is retrograde if E cis > 0 and E trans < 0.
Steady-state organization
The compartment size distribution shows a power law with an exponential cutoff ( Fig.2A) , as expected for a nonequilibrium steady-state controlled by scission and aggregation. With our definition, the characteristic compartment size is close to half the cut-off size (SI). The way it depends on the model parameters is shown in Fig.2B . Increasing the ratio of budding to fusion rate K decreases the compartment size [31] . The size depends on the maturation rate k m , which controls the compartment's composition and hence the fusion probability, in a non-monotonic manner: for a given budding rate, the size is smallest for intermediate values of the maturation rate (k m 1). This is well explained by a simple analytical model (discussed in SI) that approximates the system by three pure compartments interacting with a pool of vesicles (solid lines in Fig.2B ). The system is mostly composed of cis and medial-components for low maturation rates and of trans-components for high maturation rate. If compartments are well sorted, the mean compartment size is limited by the amount of each species in the system, which is smallest when the three identities are in equal amount, that is when k m 1.
The dependency of the compartments' purity with the parameters is shown in Fig.2C . As for the compartments' size, it is non-monotonic in the maturation rate, and regions of lowest purity are found for intermediate maturation rates k m 1, when all three identities are in equal amount. The purity increases with the budding rate K in a sigmoidal fashion (see Fig.3 ). This can be understood by analyzing the processes involved in mixing and sorting of different identities. In a first approximation, mixing occurs by maturation and sorting occurs by budding of contaminating species, suggesting a transitions from low to high purity when the budding rate reaches the maturation rate (K k m ). A "purity transition" is indeed observed in an intermediate range of maturation rates (0.1 < k m < 10, see Fig.2C ). It is most pronounced for k m 1. Beyond this range, the system is dominated by one identity and compartments are always pure. The purity variation can be qualitatively reproduced by an analytical model (see Fig.S3 -SI) that accounts for the competition between maturation and budding, but also includes fusion between compartments and with the exits (solid lines in Fig.2C.) .
In summary, three types of organization can be found, mostly controlled by the ratio of budding over fusion rate K: a mixed regime at low K, where compartments are large and contain a mixture of identities, a vesicular regime at high K, where compartments are made of only a few vesicles and are very pure, and a sorted regime for intermediate values of K, where compartments are both rather large, and rather pure. Snapshots of these three steady-states are shown in Fig.2D . Non-linear budding is essential to the existence of the intermediate sorted regime. With a linear budding scheme ( Fig.S7 -SI) , the purity transition occurs for larger values of the budding rate K, where compartments are already small.
Vesicular Transport
We compute the mean enrichment in cis, medial and trans-identities during vesicular exchange from a donor to a receiving compartment. We focus on systems containing comparable amounts of each species at steady-state (k m = 1 -SI). The enrichment in cis, medial and trans-identities are shown in Fig.3 as a function of the budding rate K. The most striking result is the high correlation between compartment's purity and the directionality of vesicular transport. For low values of the budding rate (K 1), compartments are well mixed (purity 1/2) and the vesicular flux is retrograde, with a gain in cis-identities and a loss in trans-identities. For high values of the budding rate (K 1), compartments are pure (purity 1) and the vesicular flux is anterograde, with a gain in trans-identities and a loss in cis-identities. The archetypal behaviors most often discussed in the literature are thus, within the limits of our model, asymptotic regimes for extreme values of the ratio of budding to fusion rates. Remarkably, the cross over between these two asymptotic behaviors is rather broad (K ∼ 0.1) and displays a more complex vesicular transport dynamics, mostly oriented toward medial compartments.
In our model organelle, vesicle budding and fusion are biased solely by local compositions, which is subjected to irreversible biochemical maturation. The interplay between these microscopic processes gives rise to an irreversible flux of vesicles across the system. To better understand the directionality of vesicular exchanges, we represent on Fig.4 the vesicular fluxes between compartments as a vector field on the compartments' composition space. This is shown as a triangle plots in which each point corresponds to a fraction of cis (100% at the top), medial (100% at the bottom right) and trans (100% at the bottom left) components in a compartment ( Fig.S2 -SI) . The net vesicular flux leaving compartments with a given composition is represented as a vector field. The variation of the vesicular flux with the budding rate K (Fig.4) is consistent with that of the composition enrichment in the different identities ( Fig.3) . As K increases, the flux evolves from being mostly retrograde at low K (from trans-rich toward less mature compartments) to being anterograde at high K (from cis to medial, and medial to trans-compartments). In between, the vesicular flux is centripetal toward mixed compartments, leading to a net enrichment in medial-identity. The relationship between structure and transport is explained below, and a dissection of this fluxes with respect to the vesicles' composition is shown in Fig.S5 -SI. The net flux leaving a particular region of the triangular phase space is proportional to the total mass (number of compartments times their size) with this composition, while the flux arriving at a particular region depends on the number of compartments with that composition. Both quantities are shown on Fig.4 .
At low budding rate (K 1 -top row in Fig.4) , the system is in the mixed regime, where compartments are large (hundreds of vesicles in size) but mixed (purity ∼ 1/2). The system is dominated by maturation, and the compartment distribution is spread around a path going from purely cis to purely trans-compartments, consistent with a dynamics where each compartment maturates independently from the other (φ A = e −kmt , φ B = k m te −kmt and
where t is the typical age of the compartment -see top left panel of Fig.4 and SI) . The majority of the transport vesicles are emitted by trans-rich compartments, which concentrate most of the system's mass, leading to a retrograde vesicular flux.
At high budding rate (K 1 -bottom row in Fig.4) , the system is in the vesicular regime, where compartments are fairly pure, but rather small, with a size equivalent to a few vesicles. Compartments are exclusively distributed along the cis/medial and medial/trans-axes of composition, and accumulate at the triangle's apexes. Membrane patches that just underwent maturation bud quickly from the donor compartment and fuse with pure compartments with the appropriate medial or trans-identity, explaining the clear anterograde vesicular transport. This feature is further reinforced under very high budding rate, where the vesicular flux is dominated by vesicles undergoing maturation after budding, which prohibits their back fusion with the donor compartment. Fig.4 ), the distribution of mixed compartments is more homogeneous along the line describing the maturation of individual compartments -both in terms of mass and number of compartments. Cisrich and trans-rich compartments emit comparable amount of transport vesicles, while large medial-rich compartments are absent. This leads to a centripetal vesicular flux with an enrichment in medial identity (see Fig.3 ). The lack of large medial-rich compartment is due to the fact that they can be contaminated by either cis or trans-species and fuse with cis-rich or trans-rich compartments. If inter-compartment fusion is prohibited, the enrichment in medial-identity in the intermediate regime is abolished, with a direct transition from anterograde to retrograde vesicular transport upon increasing K (see Fig.S7 -SI and the Discussion section). 
In the intermediate regime (middle row in

Discussion
The genesis and maintenance of complex membrane-bound organelles such as the Golgi apparatus rely on selforganization principles that are yet to be understood. Here we present a minimal model in which steady-state Golgi-like structures spontaneously emerge from the interplay between three basic mechanisms: the biochemical maturation of membrane components, the composition-dependent vesicular budding, and inter-compartment fusion. As our model does not include space, we do not refer to the spatial structure of a stacked Golgi, but rather to the self-organization of Golgi components into compartments of distinct identities undergoing vesicular exchange. Despite the absence of spatial information, we observe the emergence of directional vesicular exchanges between compartments of different identities. This suggests that spatial information is less crucial than biochemical ones, and is in line with observations that modifying the spatial structure of the Golgi preserves its functionality [10] . Our main result is that the steadystate organization of the organelle, in terms of size and composition of its compartments, is intimately linked to the directionality of vesicular exchange between compartments through the mechanism of homotypic fusion. Both aspects are controlled by a kinetic competition between vesicular exchange and biochemical maturation.
The results presented in Fig.2 can be used to explain a number of experimental observations. The predicted role of the budding and fusion rates is in agreement with the phenotype observed upon deletion of Arf1 (a protein involved in vesicle budding), which decreases the number of compartments and increases their size, particularly that of transcompartments which seem to aggregate into one major cisterna [28] . A comparable phenotype has been observed upon mutation of NSF (a fusion protein), which produces extremely large, but transient, trans-compartments [32] , thereby increasing the system's stochasticity (see Fig.S4 -SI, for a quantification of the fluctuations in our model). This is consistent with an increase of the fusion rate according to our model. Furthermore, the predicted correlation between compartments' size and purity is in agreement with the observation that decreasing the budding rate by altering the activity of COPI (a budding protein) leads to larger and less sorted compartments [33] . Modifying the expression of VPS74 (yeast homolog of GOLPH3) leads to an altered Golgi organization, comparable to the ARF1 deletion phenotype [34] . Both ∆arf1 and ∆vps74 present an enlargement of the Golgi cisternae and a disruption of molecular gradients in the system, which we interpret, in the limits of our system, as a lower purity due to slower sorting kinetics following an impairment of the budding dynamics.
The directionality of vesicular transport is intimately linked to the steady-state organization of the organelle; vesicular transport is anterograde when compartments are pure, and it is retrograde when they are mixed. This can be intuitively understood with the notion of "contaminating species". If a compartment enriched in a particular molecular identity emits a vesicle of that identity, the vesicle will likely fuse back with the emitting compartment by homotypic fusion, yielding no vesicular exchange. One the other hand, an emitted vesicle that contains a minority (contaminating) identity will homotypically fuse with another compartment. If budding is faster than maturation, the contaminating species is the one that just underwent maturation, and its budding and fusion with more mature compartment leads to a anterograde transport. In such systems, compartments are rather small and pure. If maturation is faster than budding, the contaminating species is the less mature one, leading to a retrograde transport. Such systems are rather mixed with large compartments. Thus, the directionality of vesicular exchange is an emergent property intimately linked to the compartments' purity. The medial-rich compartments are special in that regard: for intermediate values of the purity (K ∼ k m ), they may be contaminated both by yet to be matured cis-species and already matured trans-species and can fuse both with cis-rich and trans-rich compartments. If inter-compartment fusion is allowed, large medial-rich compartments are relatively scarce, and emit few vesicles. On the other hand, medial-vesicles emitted by cis/medial and medial/trans-compartments may fuse together to form (small) medial-rich compartments. For intermediate values of the budding rates, this vesicular flux dominates vesicular exchange and leads to a centripetal vesicular flux towards medial-compartments (details in Fig.S5 -SI) . If inter-compartment fusion is prohibited, which for instance corresponds to a situation where Golgi cisternae are immobilized [10] , medial-rich compartments are present at steady-state, the centripetal vesicular flux is less intense, and the purity transition is accompanied with a direct transition from retrograde to anterograde vesicular flux ( Fig.S7 -SI) .
Regardless of the model's details, we find that systems showing a well defined polarity with well sorted cisternae exhibit anterograde vesicular fluxes, whereas systems with mixed compartments exhibit retrograde fluxes. The former dynamics is expected when biochemical maturation is the slowest kinetic process and compartments are long-lived, while the latter is expected when vesicular exchange is slow and the system is composed of transient compartments undergoing individual maturation. One can relate this prediction to the difference in organization and dynamics between the Golgi of S. cerevisiae and the more organized Golgi of higher organisms such as vertebrates. Maturation of Golgi cisternae has been directly observed in S. cerevisiae [8] , with colocalization of different identity markers within single cisternae (low purity) during maturation, whereas vesicular transport phenotypes have been indirectly observed [10] or inferred through modeling [35] in mammalian cells. Consistent with our predictions, Golgi dynamics is one to two orders of magnitude faster in S. cerevisiae Golgi cisternae (maturation rate ∼ 1/min. [8, 9] ) than in mammalian cells (export rate ∼ 1/30min. [36] ). At this point, one may speculate a link between structure and function through kinetics. A well sorted and polarized Golgi is presumably required to accurately process complex cargo. The glycosylation of secreted cargo is key to the interaction of a vertebrate cell with its organism's immune system [37] , and glycans appear to be more diverse in higher eukaryotes -which also possess a highly organized Golgi -than in unicellular eukaryotes like yeast [38] . The Golgi organization in S. cerevisiae could thus be the result of an adaptation that has favored fast transport over robustness of processing, leading to a less organized Golgi characterized by cisternal maturation and retrograde vesicular transport. Remarkably, the slowing down of Golgi transport when S. cerevisiae is starved in a glucose-free environment coincides with the Golgi becoming more polarized [39] , strengthening the proposal derived from our model of a strong connection between transport kinetics and steady-state Golgi structure.
In summary, we have analyzed a model of self-organization and transport in cellular organelles based on a limited number of kinetic steps allowing for the generation and biochemical maturation of compartments, and vesicular exchange between them. Although we kept the complexity of individual steps to a minimum, our model gives rise to a rich diversity of phenotypes depending on the parameter values, and reproduces the effect of a number of specific protein mutations. We identify the concomitance of a structural transition (from large and mixed to small and pure sub-compartments) and a dynamical transition (from retrograde to anterograde vesicular exchange). Within our model, anterograde vesicular transport is accompanied by many spurious events of vesicle back-fusion. For very high budding rates, compartments are very pure and anterograde transport is dominated by vesicles undergoing maturation after budding from a compartment. In our model, such vesicle maturation events, which have been described in the secretory pathway as a way to direct vesicular traffic and to prevent vesicles back-fusion [40] , only occur when compartments are very small (high budding rate). Adding composition-dependent feedback involving specific molecular actors to tune budding and fusion rates -for instance to reduce or prevent the budding of the majority species -will displace the purity transition to lower budding rates and thus extend the regime of anterograde transport to larger sub-compartment steady-state sizes. Cisternal stabilizers like GRASP or vesicles careers like Golgins, known to already be present in the ancestor of eukaryotes [41] , are obvious candidates. Although more complex models, and in particular the inclusion of spatial dependencies, are surely relevant to organelle's dynamics, the fundamental relationship between kinetics, structure and transport highlighted by our model is a universal feature of the interplay between biochemical maturation and vesicular exchange in cellular organelles.
